On the Nature of Generating Functions
for Singular Walks in the Quarter Plane
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On the nature of generating functions for singular walks in the quarter plane



 Latice walks with small seps i the quarerplane

& Walks in IN? starting at (0,0) and using steps in a fixed subset S of
{’\/TI/‘I_)I\U *lfl‘/’(_}'

> Counting sequence g (i, j; ): number of walks of length 1 ending at (i, f).

> Full generating function:

Qs(xyit) = Y, qsli jim)x'y't" € Z[[x,y,1]].

i,jn=0

> Length generating function:

Qs = 1 astjme” <Z)
ijn=
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Main task: classify generating functions Qs(1,1;t) and Qs(x,y; t)

Singular
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D-transcendental I(t)= [, xt7le ¥ dx

D-algebraic
(solutions of polynomial differential equations)

t/(exp(t) — 1)
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KoK X X XK

Also called genus-zero models, for the following reason:
In all the five cases, the kernel polynomial

Ks(x,y,t) = xy(1 —t- xs(x,y))

is irreducible in C(t)[x, y] and defines an algebraic curve of genus zero for
generic t, where X is the characteristic (generating/inventory) polynomial

xs(xy)= Y «y.
(ij)eS

> [Baker 1893] genus(K) < #{lattice points in interior of Newton Pongon(K)}
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Task: solve

Ks(x,y,t)Qs(x,y:t) = xy — tx*Qs(x,0;) — ty*Qs (0, y; t)

where

Ks(x,y,t) :==xy—t- Y iy
IS



o Qg(x,y;t) is not D-finite w.r.t. t;

o QS (1/ 1/ t)/ QS(x/ 01 t)/ QS (01 v, t)/ QS(]-/ 0/ t)/ QS (0, ]., t) are not D-ﬁmte
w.rt. t.
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o Qg(x,y;t) is not D-finite w.r.t. t;

0 Qs(1,1;t), Qs(x,0;t), Qs(0,y;t), Qs(1,0;¢), Qs(0,1;¢) are not D-finite
w.r.t. t.

If ty € (0,1/#8S) \ Q, then Qs(x,y; ty) is D-transcendental w.rt. x and y.
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o Qg(x,y;t) is not D-finite w.r.t. t;

0 Qs(1,1;t), Qs(x,0;t), Qs(0,y;t), Qs(1,0;¢), Qs(0,1;¢) are not D-finite
w.r.t. t.

If ty € (0,1/#8S) \ Q, then Qs(x,y; ty) is D-transcendental w.rt. x and y.

> Natural question: Is this true for all ¢y € (0,1/#S)?
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Previous results

Theorem [Mishna, Rechnitzer, 2009], [Melczer, Mishna, 2013]
o Qs(x,y;t) is not D-finite w.r.t. t;

0 Qs(1,1;t), Qs(x,0;t), Qs(0,y;t), Qs(1,0;¢), Qs(0,1;¢) are not D-finite
w.r.t. t.

Theorem [Dreyfus, Hardouin, Roques, Singer, 2020]

If ty € (0,1/#8S) \ Q, then Qs(x,y; ty) is D-transcendental w.rt. x and y.

> Natural question: Is this true for all ¢y € (0,1/#S)?

Theorem [Dreyfus, Hardouin, 2021], [Dreyfus, 2023]
Qs(x,y; t) is D-transcendental w.r.t. t. J

7/25
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Previous results

Theorem [Mishna, Rechnitzer, 2009], [Melczer, Mishna, 2013]
o Qs(x,y;t) is not D-finite w.r.t. t;

0 Qs(1,1;t), Qs(x,0;t), Qs(0,y;t), Qs(1,0;¢), Qs(0,1;¢) are not D-finite
w.r.t. t.

Theorem [Dreyfus, Hardouin, Roques, Singer, 2020]
If ty € (0,1/#8S) \ Q, then Qs(x,y; ty) is D-transcendental w.rt. x and y.

> Natural question: Is this true for all ¢y € (0,1/#S)?

Theorem [Dreyfus, Hardouin, 2021], [Dreyfus, 2023]
Qs(x,y; t) is D-transcendental w.r.t. t. J

> Open: is the length generating function Qg(1,1;t) D-transcendental w.r.t. t?

7/25
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@ From the kernel equation, get functional equations satisfied by the
sections Q(x,0) and Q(0,y) on the kernel curve K(x,y) =0

@ Exhibit a rational parametrization of the kernel curve, with a special
symmetry property

@ Use the parametrization to deduce a g-difference equation
@ Use Galois theory for g-difference equations (Ishizaki-Ogawara)

@ Conclude D-transcendence by reasoning on poles of a rational function

8/25
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...based on an influential little yellow book

Probability Theory and Stochastic Modelling 40

Guy Fayolle Guy Fayolle /
Roudolf Tasnogorodski Roudolf lasnogorodski
Vadim Malyshev Vadim Malyshev

Random Walks

in thé Quar‘Fer—Plane Ra N d 0 m
Walks in the
Quarter Plane

-% Springer @ Springer
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New results

Obtained jointly with Lucia Di Vizio and Kilian Raschel
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(I) Larger radius o

Theorem (radius of convergence 1/2 w.r.t. t)

The series Qgs(x,y, t) converges for |x|, |y| < 1 and |¢| < 1/2. Moreover,

Qs(xyd) =Y (Z #S{(O'Ogn_) (i’j)}> X'yl € Q[x,y]

i,j>0 \n>0

is well defined (i.e., all its coefficients are finite and define rational numbers).

> Proof inspired by [Mishna, Rechnitzer, 2009]

11/25
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(I) Larger radius of convergence than expected Se{ABCD¢E}

Theorem (radius of convergence 1/2 w.r.t. t)

The series Qgs(x,y, t) converges for |x|, |y| < 1 and |t| < 1/2. Moreover,

Qg(x,y,%) — Z <Z:0#S{(0,0;n—> (b])}) xiyj c Q[[x,y]

/>0

is well defined (i.e., all its coefficients are finite and define rational numbers).

>E.g.,
0 Qu(x,0,£1) =1+ Fx% + 2t + a0 + 3128 + G210 4 5461212 + - .-

o Qp(x,0,3) =1+ x+2x2 +7x% + 38x* +295x° + 3098x° + 42271x7 + -
0 Qp(x,0,-3)=1—Jx+Lx®— Fxd+ Ex7 — Zx +1639615x11+~~
° Qelx, 0,2)—1+x+ 3x2 +10x% + L% 449325 4 217956 4 4 ..
0 Qelx,0,—3) =1-bx+1x2 - 2x3 4 5x4 35 4 U6 27,7
° QD(X,O,il):1+1X+1x2+3x3+5x4+?8%x5+35x +3617 74
0 Qe(x,0,4) =1+ Lx+ 3x2 4 Bxd 4 4lyd | 3922,5  12137,6 .
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(I) Larger radius of convergence than expected Se{ABCD¢E}

Theorem (radius of convergence 1/2 w.r.t. t)

The series Qgs(x,y, t) converges for |x|, |y| < 1 and |¢| < 1/2. Moreover,

Ostepd) = T < y #1005 (i,j)}> viyl € Q]

i,j>0 \n>0

is well defined (i.e., all its coefficients are finite and define rational numbers).
v

>E.g.,
0 Qu(x,0,£1) =1+ 322 + 2% + 746 3128 4 91410 4 5461x12 4 -

o Qp(x,0,%) =1+ x+2x2 +7x% 4 38x* + 295x° + 3098x° + 42271x” + - - -

(x,0

o Qui0 =) =1- it = it = B+
(x,0,
(

0 Qc(x,0,3) =1+ x+ 322 +10x% + Wx* 4 493x5 + 21739,6 1 1 ..
° Qc(x,0 ——):1—%x+zx —gx —|—%x4— 5+ﬂ 6 197 x4
° Qp(x,0,£3) =1+ x+ I+ 323 + Jat + 2125 4 3540 +3617 T4
0 Qe(x,0,£1) =1+ 1a4 222 B3 dlyd 4 3122,5 4 121576 4 ..

> Numerical coincidence?!
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(I) Larger radius of convergence than expected Se{ABCD¢E}

Theorem (radius of convergence 1/2 w.r.t. t)

The series Qg(x,y, t) converges for |x|, |y| < 1 and |t| < 1/2. Moreover,

Osten )= T (Z (0,0 (z‘,j)}> *iy € QL]

i,j=0 \n>0

is well defined (i.e., all its coefficients are finite and define rational numbers).
v

> E.g.,
0 Qu(x,0,£3) =1+ F22 + x* 4+ a0 + 3158 + F1x10 4 546112 + - -
,0,3) = 1+ x +2x2 + 7x3 + 38x* + 295x° + 3098x® + 422717 + - - -
)=1—dx+ Ead— Lad+ £ — Fx0 + el +-
,3) =T1+x+ 32241023 + 3224 449325 + 27926 4 4 ..
0, — l)—1—§x+2x—23+54 5+Q6 197x7+
0 Qp(x,0,£3) =1+t + 322+ 323+ Jat + 90Lx® 4-35x6 4 3747 ..
© Qe(x,0,£1) =14 L 3x2 4 2823 4 4154 | 3422,5 | 1219746
> 12th Bernoulli number: B1277691/(2 13-105)
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, the sequence of Bernoulli numbers

(Bn)nEO: 1,- 2’6’0 0/0/42/-~

Summae Potestatum
In=Jnntin
fnn = IndtlantIn
nd=gnt+ind 4 Inn
nt=Ind 4 dnt 4 dnd—Jn
IS =Inf4InS+Ent— Lnn
Jne=In74+Inf4ind—Ind4 ln
7 =Ind 4 In7 4 nf — It 4+ hnn
Inf=5n® 4 Inf 4 dn” —Fn® 4+ dnd —fn
In® =m0+ In® + 3nd — Fné 4+ Int — Lan
0= e In10 4 3nf —n7 10 — §nd +“n
Quin imo qui legem p inibi anentuis P , eundem eti-
am continuare poterit absque his ratiociniorum ambabimus : Sumta enim
¢ pro potestatis cujuslibet exponente, fit summa omnium n¢ seu

1 o 7,¢cc—1.c=2

Jnc:c-:-lnc“*'f"c*'i""c_*' e Bne—3?

+c-c—1 —2-c—3-c— 4 ne=5
2.3.4.5-6
W o= c—llgc;: 2 743:: 5. C769n°’7---&imdeinmps,

exponentem potestatis ipsius n continué minuendo binario, quosque per-
veniatur ad n vel nn. Literae capitales A, B, C, D & c. ordine denotant
1 i pro [nn, [n*, [n€, [n®, &ec

nempe

s 691
2730

z 1 1M, 22, 335
_ L o Lo, on_ 1o W7 5,2
P LR L S AU L

MO Ot e of generating functons for ingalar walks in he quarier plane



Int

(Bu)n>0 = (1, —%, %,0, —%,0, ‘é, .. .), the sequence of Bernoulli numbers

> Explicit formula [Kronecker, 1883]

& n+1\0" +1" +--- + k"
B = 3 ( ) U
= k+1 k+1

> Its exponential generating function (EGF)

x" X
ZB"j: X _ 1
s M e

is D-algebraic
> Its ordinary generating function (OGF)
B(x) =) Bux"

n>0

satisfies
X

B(Hix) = (x+ DB(x) —

so it is strongly D-transcendental [B., Di Vizio, Raschel, 2024]

12/25
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(Ila) Exceptional points t = +1: 1i

Theorem A
o (2042 (=" o1
Qa(x,0,£1/2) =2 ) (2°"+2 —1) T Bangax™".
n=0 n+
Theorem B+
. ox\nEH 41
Qp (x,0,1/2)=2- ), (_5) Y ( K > (2n+k+2 —1) Byt
n=0 k=0
Theorem B—
Qp (x,0,—1/2) = =2- ) Byqx".
n=0
Theorem D
Qp(x,0;+£1/2) =2- Y (214 3)Bapi2(—x)".
n=0

> Direct proof of D-transcendence of Qg (x,0;t) w.rt. x for S € {A, B, D} L
~____ AinBostan  On the nature of generating functions for singular walks in the quarter plane



(IIb) Exceptional points t = +1: D—a_

Theorem A
Let Q(x,0;,£1/2) = Y anx". Then F(x E -x" is D-algebraic:
n>0 n>0
x2F4(x)? — 4xFy (x) — 4F4(x) +4 = 0.
Theorem B—

Let Qp(x,0;—1/2) = Y _ byx". Then Fg(x) := E
n>0 n>0

1)' x" is D-algebraic:

xFp(x)? — (2x +4)Fj(x) — 2xFg(x) +4 = 0.

Theorem D

Let Qp(x,0;,£1/2) = Y dyx". Then Fp(x) = ) d

—x is D-algebraic:
n>0 n=o (2n+3)! ¢

xFp(x)? — 4xF},(x) — 6Fp(x) +1 = 0.

14 /25
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(IIb) Exceptional points t = +1: D—algeb_

Theorem A
Let Q(x,0;,£1/2) = Y anx". Then F(x E -x" is D-algebraic:
n>0 n>0
x2F4(x)? — 4xFy (x) — 4F4(x) +4 = 0.
Theorem B—

Let Qp(x,0;—1/2) = Y _ byx". Then Fg(x) := E
n>0 n>0

1)'x is D-algebraic:

xFp(x)? — (2x +4)Fj(x) — 2xFg(x) +4 = 0.

Theorem D

Let Qp(x,0;,£1/2) = Y dyx". Then Fp(x) = ) d

—x is D-algebraic:
n>0 n=o (2n+3)! ¢

xFp(x)? — 4xF},(x) — 6Fp(x) +1 = 0.

> Another instance of the Pak-Yeliussizov conjecture (2018) .
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(IITa) Parametrization of kerne

b a

*

1 1
Ks (x,y, E) =Xy — 5" (ax2y2 + bxy2 + cxzy + %%+ y2>

Theorem (uniform parametrization)
When b + ¢ # 0, the curve Kg (x, v, %) = ( is parametrized by

_s?
(x(s),y(s)) = (#sz—cs+(b+c)' vb”gs2+bs+(b~l—c))

with the additional property that

s vie) = (x(557) ve)

is another parametrization of the same curve.

> Similar (simpler) parametrization if b+ ¢ =0 o
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(ITIb) Difference equation at

b a

*

When b + ¢ # 0, the power series Qg (x, 0, %) =

Theorem (uniform difference equation)

b 2 1N 2y (304 25 2py 165 26\ 3
1+(§+3) <b2+bc+ c+2a>x +<§b bc+15 h+ﬁc +ﬁub+ﬁac 57 4o

o s
satisfies G(s) — G (1 +s) = R(s), where R(s) =

(bs+2(b+c)) s°
(b%csz—l—bs-i-(b—i-c)) (b+csz—cs+(b+c)) ((,,Jrc +b) 52+(2h+c)s+(b+C))

2
1 — — 1
and G(s) = 2 <bj‘rcsz—cs+(h+c)> Qs <hj’rcsz—cs+(h+c)'0'2>'

> Similar statement for t = —1/2

16 / 25
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For § € {A,B,C,D, &}, the power series Qs (x, 0, %) =

b 2 1 22,1\ 2, (3,5, 12 4,0 163 19 26 N3
1+(3+ 3)x+<3b2+bc+ 30 +2a>x +<5b + 5b2c+15bc + 35+ qgab+ Jgac) 2+

is strongly D-transcendental.

17 /25



(Illc) Strong

b a

K

For S € {A,B,C,D,E}, the power series Qg (x, 0, %) =

Theorem (Strong D-transcendence)

b, 2 1 2o, U2 (e Bpor Ep2 B, B p B N3
1+(3+ 3)x+<3b2+hc+3c +2a>x +<5b F 5bc+15bc +15c +15ab+15ac 57 <p

is strongly D-transcendental.

> Implies the strong D-transcendence of the generating functions
o If (a,b,¢) = (1,0,0), then Q4(x,0,3) =1+ Jx? +x* + a0 43128 4 - ..

17/ 25
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(ITIc) Strong D-tr.

b a

K

For S € {A,B,C,D,E}, the power series Qg (x, 0, %) =

Theorem (Strong D-transcendence)

b, 2 1 2o, U2 (e Bpor Ep2 B, B p B N3
1+(3+ 3)x+<3b2+bc+3c +2a>x +<5b F 5bc+15bc +15c +15ab+15ac 57 <p

is strongly D-transcendental.

> Implies the strong D-transcendence of the generating functions
o If (a,b,¢) = (1,0,0), then Q4(x,0,3) =1+ Jx? +x* + a0 43128 4 - ..
o If (a,b,¢c) = (0,1,1), then Qp(x,0, 1) =1+ x +2x2 +7x> +38x* + - - -

17 /25
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(IIIc) Strong D-trans

b a

K

For S € {A,B,C,D,E}, the power series Qg (x, 0, %) =

Theorem (Strong D-transcendence)

b, 2 1 2o, U2 (e Bpor Ep2 B, B p B N3
1+(3+ 3)x+<3b2+bc+3c +2a>x +<5b F 5bc+15bc +15c +15ub+15ac 57 <p

is strongly D-transcendental.

> Implies the strong D-transcendence of the generating functions
o If (a,b,¢) = (1,0,0), then Q4(x,0,3) =1+ Jx? +x* + a0 43128 4 - ..
o If (a,b,c) = (0,1,1), then Qg(x,0, %) =14x4+2x2+7x3 +38x* + .-
o If (a,b,¢) = (1,1,1), then Q¢ (x,0,3) =1+ x + 322 + 102> + L2x4 4. ..

17 /25
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(Illc) Strong D-transcend

b a

K

For S € {A,B,C,D,E}, the power series Qg (x, 0, %) =

Theorem (Strong D-transcendence)

b, 2 1 2o, U2 (e Bpor Ep2 B, B p B N3
1+(3+ 3)x+<3b2+bc+3c +2a>x +<5b 3R 5bc+15bc +15c +15ub+15ac x° +

is strongly D-transcendental.

> Implies the strong D-transcendence of the generating functions

o If (a,b,c) = (1,0,0), then Q4(x,0,3) =1+ $x% + x* + 7x0 43128 + ...
o If (a,b,c) = (0,1,1), then Qp(x,0,1) =1+ x +2x% + 7x3 +38x* + - ..

o If (a,b,c) = (1,1,1), then Qc(x,0,3) =1+ x + 3x2 + 1023 + x4 4 ...
o If (a,b,¢c) = (0,1,0), then Qp(x,0, %) =1+ %x+ %xz + %x3 + %x“ + .-

17 / 25
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_1
(Illc) Strong D-transcendence for t = 5
b

a

X

For S € {A,B,C,D,E}, the power series Qg (x, 0, %) =

Theorem (Strong D-transcendence)

b 2 1, 2, 1\ 5, (3,3, 12, 16 5, 19 26 3
1+<3+3)x+<3b +hc+3c +2a>x + 5b +5bc+15bc +151: +15ab+15ac x>+

is strongly D-transcendental.

> Implies the strong D-transcendence of the generating functions

o If (a,b,c) = (1,0,0), then Q4(x,0,3) =1+ $x% + x* + 7x0 43128 + ...
o If (a,b,c) = (0,1,1), then Qp(x,0,%) =1+ x +2x2 +7x3 +38x* + - -

o If (a,b,¢) = (1,1,1), then Qe (x, 0,2)_1+x+5 X2 41023 + x4 4
o If (a,b,c) = (0,1,0), thel’lQD(XO,z)_1+ X+ x2+ x3+ b
o If (a,b,c) = (1,1,0), then Qg (x,0,1) =1+ 1x + 2x2 +%§x3+4l e

> Refines [Dreyfus, Hardouin, Roques, Singer, 2020]: for ¢y € { 5 2] the

function Qgs(x,y;to) is D-transcendental w.r.t. x and y.
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b a

K

Letb+c#0,¢0€Z\{0,—1} and

_ LEH) B+ (4 1)) (E+1) b+ L)
(20 +1)? '

Then the power series Qs (x, 0, %) is rational.

18 /25



(IV) A ne
b a

K

Theorem (D-algebraic cases)
Letb+c#0,¢0€Z\{0,—1} and

L) (4 (+1) ) (E+1) b+ L)
B (20 +1)? '

Then the power series Qs (x, 0, %) is rational.

5 If (a,b,¢,0) = (—24,2,5,1), then Qg (x,o, %) S

18 /25
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(IV) A new p
b a

K

Theorem (D-algebraic cases)
Letb+c#0,¢0€Z\{0,—1} and

L) (4 (+1) ) (E+1) b+ L)
B (20 +1)? '

Then the power series Qs (x, 0, %) is rational.

5 If (a,b,¢,0) = (—24,2,5,1), then Qg (x,o, %) S
> 1f (a,b,c,0) = (<12,1,1,3), then Qs (%,0,3) = 524 + £ + &

18 /25
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(IV) A new phenomen
b a

K

Theorem (D-algebraic cases)
Letb+c#0,¢0€Z\{0,—1} and

L) b+ (E+1)0) ((L+1) b+ Lo)
(20 +1)? '

Then the power series Qs (x, 0, %) is rational.

>1If (a,b,c,0) = (—24,2,5,1), then Qg (x,O, %) __1

1-4x
> If (a,bc, £) = (—12,1,1,3), then Qs (x,0,1 ) = 5243 + 22 + =4

> More generally, if (a,b,¢) = (—£(¢ +1),1,1), with £ € N \ {0} then
0s <x,0,%> —1txet (—Zzz—“; +2> 24 (=32 -30+7) 2 + <z4+zz3f ?zh %uss) o

is in Q(x), of degree ¢, of the form an:l
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The model B = {N, E, NW,SE}

X




(V) Expli

Theorem (model B)
Let (My)n>0 = (1,2,8,56,608, . ..) be median Genocchi numbers (A005439).

1
Qs (x,0;§> =1+x4+2x*+7x3+38x* +295x° +3098x° + - - -

is strongly D-transcendental, equal to Z % X"
n>0

20 / 25
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https://oeis.org/A005439
https://oeis.org/A000366

(V) Explicit ex

Theorem (model B)
Let (My)n>0 = (1,2,8,56,608, . ..) be median Genocchi numbers (A005439).

1
Qs (x,0;§> =1+x4+2x*+7x3+38x* +295x° +3098x° + - - -

is strongly D-transcendental, equal to Z % X"
n>0

> Kernel curve Kg(x,y, 3) = xy — % (x%y + xy? + 2% + y?) parametrized by

252 252
— and y(s) = 15

x(s) = —
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(V) Explicit expression f

Theorem (model B)
Let (My)n>0 = (1,2,8,56,608, . ..) be median Genocchi numbers (A005439).

1
Qs (x,0;§> =1+x4+2x*+7x3+38x* +295x° +3098x° + - - -

is strongly D-transcendental, equal to Z A;l x"
n>0

> Kernel curve Kg(x,y, 3) = xy — % (x%y + xy? + 2% + y?) parametrized by

252 2s?
x(s) = “5sr1 and y(s) = 1=

> Kernel equation implies that f(s) := Qp(s,0; 1) satisfies the equation

(s+1)2f( s+21>+ (1_13)2f<_12i25> = 1_232' ()
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(V) Explicit expression for model

Theorem (model B)
Let (My)n>0 = (1,2,8,56,608, . ..) be median Genocchi numbers (A005439).

1
Qs (x,0;§> =1+x4+2x*+7x3+38x* +295x° +3098x° + - - -

is strongly D-transcendental, equal to ) | Az/{l x"
n>0

> Kernel curve Kg(x,y, 3) = xy — % (x%y + xy? + 2% + y?) parametrized by

252 252
T and y(s) = 1=

x(s) = —

> Kernel equation implies that f(s) := Qp(s,0; 1) satisfies the equation

(s+1)2f( s+21>+ (1_13)2f<_12i2s> = 1_232' ()

> [Dumont, Zeng, 1994]: f(s) := Y M, (s/2)" also satisfies (%)
n>0
> [Barsky, Dumont, 1981]: coefficients are integers! (Dellac sequence A000366)

20/ 25
~__ AinBostan  On the nature of generating functions for singular walks in the quarter plane



https://oeis.org/A005439
https://oeis.org/A000366

(VIa) D-algebraicity for model B = {N,E, NW,SE}

Theorem (D-algebraicity for 5)

Let C(t) = 1=V — v - Catyt2+1 =t + 3 + 265+ 5¢7 + 14£° 4 - - -, and
let 6,(g) and 93(5}) be the Jacobi theta series

00) =142 (g+q +4° +4° + 47+ ),

95(q) =2 <q1/4 Jr{19/4+qz5/4+q49/4jL . ) _
Then,

1— 42 0%(C(t 6 (C(P) — 1 )
Qu(-1,0p) = A0 REDTECOIZL_ 141

(F1—t+8 -+ 10418 3% 1 6t10 — or!! 4 14412 — 17413 4 20814 — 17415 4 2416 4+ 30117 — 110118 + .. )

In particular, Qz(—1,0;¢) and Qp(—1, —1;t) are D-algebraic.

> Proof combines the iterated kernel method [Mishna, Rechnitzer, 2009] and
an identity due to Jacobi-Ramanujan.
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(VIb) D-algebraici

Theorem (model B)

Let T = q/(1+4%) and X = (1 —¢)?/(2q). Then, Qp(X,0; T) is D-algebraic
(in 9).
Moreover, the following identity holds:

14+T-X-Qp(X,0;T) = (X +2)/2- (1—04(q)*),

where 0,(q) is the Jacobi theta series

64(9) =1—-29+29" =20 +29"° - 24 +---.

> Similar proof.
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Questions on our t

> Bernoulli numbers pop up in models S € {A, B, D} for t = £1.

— Is there a combinatorial explanation?

— Are there similar results for models C, £?

— Is there a lifting to some g-Bernoulli polynomials for all t = q/ (g% +1)?
— Are there systematically some D-algebraic EGFs behind the scenes?

> Characterize all weighted models with D-algebraic Q(x,0,+1/2)

> Coeffs. of D-transcendental series may satisfy non-linear recurrences!
— Is the concept of D-transcendence pertinent to combinatorics?

> The Pak-Yeliussizov problem: Characterize the power series
F(x) =Y, axx™ such that both F and F ©® exp(x) = Y, an ’:TT are D-algebraic.
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Thanks for your attention!
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